Introduction
The partial transformation semigroup P X , the (full) transformation semigroup T X and the symmetric inverse semigroup I X on a set X have been extensively studied over the last sixty years, both in the finite and in the infinite cases. Among recent contributions are [1-6, 13, 16] . Here we are concerned solely with the case where X = X n = {1, . . . , n}, and we denote the semigroups P Xn , T Xn , and I Xn , by P n , T n , and I n , respectively. Moreover, we denote the subsemigroup I n \ S n by SI n where S n is the symmetric group on X n .
It is well known that I n is an inverse semigroup and every finite inverse semigroup S is embeddable in I n , the analog of Cayley's theorem for finite groups. Hence, as emphasized in [1] , the importance of I n to inverse semigroup theory is similar to that of the symmetric group S n to group theory. Moreover, Gomes and Howie remarked in [11] that very little has been written on the symmetric inverse semigroups. Despite the appearance of the books of Lipscomb [18] , and Ganyushkin and Mazorchuk [8] , as well as a handful of papers (for example, [10] ), the study of I n is still in its infancy compared to that of T n .
An element α of P n is called an idempotent if α 2 = α . We denote the set of all idempotents in any subset U of any semigroup by E(U ). Let S be a semigroup and let A be a nonempty subset of S . Then the subsemigroup generated by A, that is the smallest subsemigroup of S containing A, is denoted by ⟨A⟩ . If a semigroup S has a finite subset A such that S = ⟨A⟩ , then S is called a finitely generated semigroup. The rank of a finitely generated semigroup S is defined by rank(S) = min{ |A| : ⟨A⟩ = S } . For a fixed subset G of * Correspondence: agonca@cu.edu.tr
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This work is licensed under a Creative Commons Attribution 4.0 International License. a semigroup S , if there exists a subset A of S such that ⟨A ∪ G⟩ = S , then A is called a relative generating set of S modulo G . Then the relative rank of a finitely generated semigroup S modulo G is defined by rerank(S : G) = min{|A| : ⟨A ∪ G⟩ = S}.
Recall that the Stirling number S(n, r) of the second kind is defined by S(n, 1) = S(n, n) = 1 and S(n, r) = S(n − 1, r − 1) + r · S(n − 1, r) for 2 ≤ r ≤ n−1 . Moreover, Garba proved in [9] that the rank of the subsemigroup P K n,r of P n is S(n+1, r+1)
For n, r ∈ Z + with r ≤ n , let P r (n) be the set of all integer solutions of the equation
and let p r (n) = |P r (n)|. If an r -tuple (n 1 , n 2 , . . . , n r ) is a solution of the equation given above, then it is called a partition of n with r terms (see [12] ). Ayık et al. developed a notation for certain primitive elements of T n , called path-cycle, and described an algorithm to decompose an arbitrary transformation α in T n into a product of path-cycles in [2] . In addition, they used these techniques to obtain some informations about generators of T n , and proved that, rerank(T n,r : S n ) = p r (n) for 1 ≤ r ≤ n − 1 (see also [17, Theorem 8] ).
In [19] , we obtained the necessary and sufficient conditions for any nonempty subset U of K n,r (P K n,r ) to be a (minimal) relative generating set of T n,r (P T n,r ) modulo S n for 1 ≤ r ≤ n − 1 . Then we concluded the same result in [2, 17] that rerank(T n,r : S n ) = p r (n) and, we obtained the new result
Moreover, we showed that rerank(A n,r : A n ) = p r (n) and rerank(P A n,r :
In this paper, we first find the necessary and sufficient conditions for any nonempty subset U of P K n,r to be a (minimal) relative generating set of I n,r (respectively P I n,r ) modulo I n (respectively SI n ) for 1 ≤ r ≤ n − 1 . Moreover, we find the necessary and sufficient conditions for any subset U of SP K n,r to be a (minimal) relative generating set of SI n,r modulo SI n . Then we conclude that rerank(I n,r : I n ) = p r (n), rerank(SI n,r : SI n ) = p r (n − 1) and rerank(P I n,r : SI n ) = S(n, r)
Preliminaries
The height and the kernel of any partial transformation α ∈ P n are defined by
where the equivalences D and H denote Green's relations (see, for examples [14] and [8, Theorem 4.5.1]). For 1 ≤ r ≤ n , we denote that Green's D -class, consists of all elements in T n (respectively P n ) of height r , by D T r (respectively D P r ). If the implied semigroup is clear from the context, we will use the simpler notation D r . It is shown in [7] that Green's D -class D T r is generated by its idempotents, and so it follows from [15, Lemma 4] that K n,r = ⟨E(D T r )⟩ for 2 ≤ r ≤ n − 1 . It is also shown in [9] that a subset A of Green's D -class D P r is a generating set of P K n,r if and only if E(D P r ) ⊆ ⟨A⟩ for 2 ≤ r ≤ n − 1 . Therefore, to show a subset A of D P r is a generating set of P K n,r , it is enough to prove D P r ⊆ ⟨A⟩. For a given nonempty set X and a positive integer r where 1 ≤ r ≤ |X|, let A 1 , . . . , A r be a collection of nonempty disjoint subsets of X . Then ξ = {A 1 , . . . , A r } is called a partition of X (with r terms) if
Without loss of generality suppose that A i α = a i for each 1 ≤ i ≤ r , and so α can be written in the following tabular form:
.
For α ∈ D T r , written in the above tabular form, there clearly exists a permutation σ ∈ S r such that (|A 1σ |, . . . , |A rσ |) is a partition of n with r terms. In this case the partition of α is defined by
is a partition of n − s with r terms. In this case, the co-partition of α is defined by
If |cdom(α)| = |A r+1 | = s = 0 , then for convenience the copartition of α is defined by copart(α) = part(α).
From now on, we consider the case 1 ≤ r ≤ n − 1, since D P n = D T n = S n . We also assume that α ∈ D P r is in the above tabular form unless stated otherwise. First, recall Proposition 1 and Lemma 2 in [19] : Next we state and prove the following similar lemma which will be used throughout this paper:
and let copart(α) = (n 1 , n 2 , . . . , n r : s) with s ≥ 1 .
(i) For any β ∈ D T r with part(β) = (n 1 + s, n 2 , . . . , n r ) , there exist λ, µ ∈ SI n such that α = λβµ .
(ii) For any β ∈ D P r with copart(β) = (n 1 + s − k, n 2 , . . . , n r : k) where 1 ≤ k ≤ s , there exist λ, µ ∈ SI n such that α = λβµ . 
Then it is clear that there exists λ ∈ SI n such that A 1 λ ⊆ B 1 , A i λ = B i for each 2 ≤ i ≤ r and cdom(λ) = cdom(α). Moreover, consider the partial injective transformation µ : im(β) −→ im(α) in SI n defined by b i µ = a i for each 1 ≤ i ≤ r . Since A i (λβµ) = a i for each 1 ≤ i ≤ r and cdom(λβµ) = A r+1 , we have α = λβµ , as required.
(iii) ( ⇒ ) Suppose that copart(α) = copart(β) . Then, from (ii), it follows that k = s.
( ⇐ ) Suppose that |dom(α)| = |dom(β)| and that there exist λ, µ ∈ SI n such that α = λβµ . Then dom(α) ⊆ dom(λ) and (dom(α))λ ⊆ dom(β) , and so (dom(α))λ = dom(β) . Since α, β ∈ D P r , it follows that im(β) ⊆ dom(µ) , and so (im(β))µ = im(α) . Thus, it is easy to see that dom(β) = ∪ r i=1 A i λ and that
where B r+1 = cdom(β). Therefore, since |A i | = |A i λ| for each 1 ≤ i ≤ r , we have copart(α) = copart(β) , as required. 
Relative ranks
Notice that, since I n,r \ I n = P K n,r is an ideal of I n,r , any generating set of I n,r must contain a generating set of I n for 1 ≤ r ≤ n − 1. Thus, if W ⊆ I n,r is a generating set of I n,r , then there exist U ⊆ D P r ∩ W and V ⊆ I n ∩ W such that I n = ⟨V ⟩ and I n,r = ⟨U ∪ V ⟩ = ⟨U ∪ I n ⟩ . Therefore, any minimal relative generating set of I n,r modulo I n must be a subset of D P r for 1 ≤ r ≤ n − 1. Proof (⇐ ) Let 1 ≤ r ≤ n − 1 . For each partition p = (n 1 , . . . , n r ) ∈ P r (n), we fix an arbitrary element β p ∈ U ∩D T r with part(β p ) = p . Then we denote the set of all these fixed elements by V = {β p ∈ U : p ∈ P r (n)} . For any element α ∈ D P r either α ∈ K n,r or α ∈ SP K n,r . If α ∈ K n,r with copart(α) = part(α) = (n 1 , . . . , n r ) = p, then there exists β p ∈ V such that part(β p ) = p, and so it follows from Lemma 2.2 that there exist λ, µ ∈ S n ⊆ I n such that α = λβ p µ . Now suppose that α ∈ SP K n,r with copart(α) = (n 1 , n 2 , . . . , n r : s) where s ≥ 1. Then there exists β p ∈ V such that part(β p ) = (n 1 + s, n 2 , . . . , n r ) = p and so, it follows from Lemma 2.3 (i) that there exist λ, µ ∈ SI n ⊆ I n such that α = λβ p µ . Thus, the set V ∪ I n and so, the set U ∪ I n generates D P r . Therefore, it follows from Lemma 2.6 given in [9] that U ∪ I n is a generating set of I n,r . ( ⇒ ) For 1 ≤ r ≤ n − 1 , let U ⊆ P K n,r be a relative generating set of I n,r modulo I n , that is I n,r = ⟨U ∪ I n ⟩ . Then, for an arbitrary partition p ∈ P r (n) , consider an arbitrary element β ∈ D T r such that part(β) = p . Since I n,r = ⟨U ∪ I n ⟩, β can be written as a product of finitely many elements of U ∪ I n . It follows from β ̸ ∈ I n that either β = β 1 δ or β = α 1 β 1 δ for some β 1 ∈ U , δ ∈ ⟨U ∪ I n ⟩ ⊆ I n,r and α 1 ∈ I n \ {ε} where ε is the identity permutation on X n . Now let
and so β = γδ . Since X n = dom(β) ⊆ dom(γ) , it follows that γ ∈ T n (and α 1 ∈ S n in the second case), and so β 1 ∈ T n in both cases. Since h(γ) ≥ h(β) = r and β 1 ∈ K n,r , it follows that γ, β 1 ∈ D T r . Thus, since ker(γ) ⊆ ker(β), we have ker(β) = ker(γ) and so, p = part(β) = part(γ) = part(β 1 ).
Therefore, β 1 ∈ U ∩ D T r and part(β 1 ) = p, as required. 2
As an immediate consequence, we have the following corollary:
where p r (n) is the number of partitions of n with r terms.
Notice that, since SI n,r \ SI n = SP K n,r is an ideal of SI n,r , any generating set of SI n,r must contain a generating set of SI n . Similarly, any minimal relative generating set of SI n,r modulo SI n must be a subset
Theorem 3.3 Let 1 ≤ r ≤ n − 2 and U ⊆ SP K n,r . Then SI n,r = ⟨U ∪ SI n ⟩ if and only if, for each partition (n 1 , . . . , n r ) ∈ P r (n − 1), there exists β ∈ U ∩ D P r such that copart(β) = (n 1 , . . . , n r : 1) .
For each partition p = (n 1 , . . . , n r ) ∈ P r (n − 1), we fix an arbitrary element β p ∈ U ∩ D P r with copart(β p ) = (n 1 , . . . , n r : 1) . Then we denote the set of all these fixed elements by
For any element α ∈ D P r ∩ SP K n,r , let copart(α) = (n 1 , . . . , n r : s). Since s ≥ 1 , we have (n 1 + s − 1, n 2 , . . . , n r ) = p ∈ P r (n − 1). Then there exists β p ∈ V such that part(β p ) = p , so it follows from Lemma 2.3 (ii) (when k = 1 ) that there exist λ, µ ∈ SI n such that α = λβ p µ . Thus, the set V ∪ SI n , and so the set U ∪ SI n generates D P r \ D T r . It follows from Lemma 2.6 in [9] that U ∪ SI n is a generating set of SI n,r . ( ⇒) For 1 ≤ r ≤ n − 2 , let U ⊆ SP K n,r be a relative generating set of SI n,r modulo SI n . Then, for an arbitrary partition p = (n 1 , . . . , n r ) ∈ P r (n − 1), consider an arbitrary element β ∈ D P r such that copart(β) = (n 1 , . . . , n r : 1) . Since SI n,r = ⟨U ∪ SI n ⟩, β can be written as a product of finitely many elements of U ∪ SI n . It follows from the fact β ̸ ∈ SI n that either β = β 1 δ or β = α 1 β 1 δ for some β 1 ∈ U , α 1 ∈ SI n and δ ∈ SI n,r ∪ {ε} where ε is the identity permutation on X n . Now let
and so β = γδ . Since |cdom(β)| = 1 and dom(β) ⊆ dom(γ) ̸ = X n , we have dom(β) = dom(γ) . Moreover, since h(γ) ≥ h(β) = r and β 1 ∈ SP K n,r , it follows that γ, β 1 ∈ D P r . Thus, since ker(γ) ⊆ ker(β) and dom(β) = dom(γ) , we have ker(β) = ker(γ) , so copart(β) = copart(γ) . Now let γ = β 1 , then clearly copart(β) = copart(β 1 ) . Otherwise, since α 1 ∈ SI n , dom(β) = dom(γ) ⊆ dom(α 1 ) and |cdom(β)| = 1 , we have dom(β) = dom(α 1 ) and im(α 1 ) = dom(β 1 ), so copart(β) = copart(γ) = copart(β 1 ), as claimed.
2 As an immediate consequence, we have the following corollary:
rerank(SI n,r : SI n ) = p r (n − 1)
where p r (n − 1) is the number of partitions of n − 1 with r terms. Theorem 3.5 Let 1 ≤ r ≤ n − 1 and U ⊆ P K n,r . Then P I n,r = ⟨U ∪ SI n ⟩ if and only if, for each partition
Proof ( ⇒ ) For 1 ≤ r ≤ n − 1 , let U ⊆ P K n,r be a relative generating set of P I n,r modulo SI n . Then, for an arbitrary partition {A 1 , . . . , A r } of X n , consider an arbitrary element β ∈ D T r ⊆ K n,r ⊆ P I n,r with ker(β) = ∪ r i=1 (A i ×A i ) . Since P I n,r = ⟨U ∪SI n ⟩ and dom(β) = X n , there exist β 1 ∈ U ∩T n and δ ∈ P I n,r ∪{ε} , where ε is the identity permutation on X n , such that β = β 1 δ . Then since β 1 ∈ K n,r , ker(β 1 ) ⊆ ker(β) and h(β 1 ) ≥ h(β) = r , it follows that h(β 1 ) = r , so ker(β) = ker(β 1 ) . Therefore, ker(
r , as required. ( ⇐ ) Let 1 ≤ r ≤ n−1 . Recall that P K n,r is the disjoint union of SP K n,r and K n,r . Then consider any α ∈ SP K n,r with copart(α) = (n 1 , . . . , n r : s). Since s ≥ 1 , it follows from Lemma 2.3 (i) that for any β ∈ D T r with part(β) = (n 1 + s, n 2 , . . . , n r ) there exist λ, µ ∈ SI n such that α = λβµ . Therefore, since K n,r = ⟨D T r ⟩ , to show P I n,r = ⟨U ∪ SI n ⟩ it is enough to show that D T r ⊆ ⟨U ∪ SI n ⟩ . For each partition A = {A 1 , . . . , A r } of X n into r subsets, we fix an arbitrary element β A ∈ U ∩ D T r such that ker(β A ) = ∪ r i=1 (A i × A i ) . Then we denote the set of all these fixed elements by V = {β A ∈ U : A is a partition of X n into r subsets}.
For any α ∈ D T r , let ker(α) = ∪ r i=1 (A i × A i ) where A = {A 1 , . . . , A r } is a partition of X n . Then there exists β A ∈ V ⊆ U ∩ D T r such that ker(β A ) = ∪ r i=1 (A i × A i ). Let A i β A = b i for 1 ≤ i ≤ r . Now consider the map δ : im(β A ) → im(α) defined by b i δ = A i α for each 1 ≤ i ≤ r . Then it is clear that δ ∈ SI n and that α = β A δ ∈ ⟨U ∪ SI n ⟩, as required.
2
As an immediate consequence, we have the following corollary: where S(n, r) is the Stirling number of the second kind.
Proof The proof follows from the fact that the number of partitions of X n into r subsets is S(n, r) . 
